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ABSTRACT
At least two multi-planetary systems in a 4:3 mean motion resonance have been found
by radial velocity surveys†. These planets are gas giants and the systems are only
stable when protected by a resonance. Additionally the Kepler mission has detected
at least 4 strong candidate planetary systems with a period ratio close to 4:3.
This paper investigates traditional dynamical scenarios for the formation of these
systems. We systematically study migration scenarios with both N -body and hydro-
dynamic simulations. We investigate scenarios involving the in-situ formation of two
planets in resonance. We look at the results from finely tuned planet-planet scatter-
ing simulations with gas disk damping. Finally, we investigate a formation scenario
involving isolation-mass embryos.
Although the combined planet-planet scattering and damping scenario seems
promising, none of the above scenarios is successful in forming enough systems in
4:3 resonance with planetary masses similar to the observed ones. This is a negative
result but it has important implications for planet formation. Previous studies were
successful in forming 2:1 and 3:2 resonances. This is generally believed to be evidence
of planet migration. We highlight the main differences between those studies and our
failure in forming a 4:3 resonance. We also speculate on more exotic and complicated
ideas. These results will guide future investigators toward exploring the above scenar-
ios and alternative mechanisms in a more general framework.
Key words: planetary systems: formation – planetary systems: protoplanetary discs –
planets and satellites: formation – methods: numerical – methods: N-body simulations
– methods: hydrodynamic simulations – methods: analytical
1 INTRODUCTION
To date, 7771 extra-solar planets have been discovered via
numerous detection techniques, including pulsar timing (e.g.
Wolszczan & Frail 1992), radial velocity (RV, see e.g. Mayor
& Queloz 1995), Transits (e.g. Charbonneau et al. 2000),
and micro-lensing (e.g. Bond et al. 2004), while thousands
of candidate systems from the Kepler transit mission await
confirmation (Batalha et al. 2012).
? e-mail: rein@ias.edu.
† The discovery paper announcing the second system is currently
in preparation (Giguere et al., in prep).
1 See e.g. http://exoplanetapp.com.
A significant fraction (∼ 13%) of the known planetary
systems have been confirmed to possess systems of multiple
planets. Multi-planet systems can provide valuable informa-
tion on their history that single planet systems cannot.
For example, multiple highly excited planets may in-
dicate early dynamical instabilities (Rasio & Ford 1996).
The existence of mean motion resonances (MMRs) on the
other hand suggests that convergent migration occurred in
the presence of dissipative forces. Numerous examples of res-
onant systems are known, both in extra-solar planetary sys-
tems and solar system satellites such as the 1:2:4 Laplace res-
onance in the Io-Europa-Ganymede system. The most stud-
ied planetary system in a MMR is Gliese 876 (e.g. Marcy
et al. 2001; Lee & Peale 2001, 2002; Snellgrove et al. 2001;
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Nelson & Papaloizou 2002; Beauge´ & Michtchenko 2003;
Veras 2007; Rein & Papaloizou 2010). All these studies sug-
gest that migration (albeit potentially driven by a variety
of mechanisms) is an important factor in the sculpting of
planetary systems.
Convergent migration into closely spaced resonances
(e.g. 3:2) has been shown to be plausible, but difficult (Rein
et al. 2010). The difficulties arise because planets that ini-
tially form far apart need to migrate through more widely
spaced resonances (e.g. the 2:1 MMR) before subsequently
being captured into the more closely spaced (e.g. 3:2) MMR.
To avoid the requirement for fine-tuning of initial locations,
this requires relatively high migration rates (Rein et al.
2010). Even more closely spaced 4:3 resonances are sus-
pected for some systems such as HD 200964 (Johnson et al.
2011), and KOI 115 (Borucki & et al 2011), suggesting that
even more violent migration histories must have occurred
to allow such systems to skip through the exterior 2:1 and
3:2 resonances before going on to be captured into the ob-
served 4:3 resonance.
We investigate the formation of 4:3 resonances in mas-
sive systems, i.e. planets with masses up to several times that
of Jupiter. We examine mechanisms which include smooth
migration, in-situ formation, scattering and damping. We
demonstrate that the simple smooth migration mechanisms
suspected to form the known 2:1 and 3:2 systems cannot
plausibly form systems of massive planets in 4:3 resonances.
We also study the formation of lower mass planets and
find that these can readily form from a series of isolation-
mass embryos in tightly-packed systems which then lead to
4:3 (and even closer) resonances. But these mechanisms un-
derestimate the number of tightly packed systems in close
resonances with multiple massive planets. The rate of detec-
tion of these multi-planetary systems (period ratios of 4:3
and closer) can therefore tell us valuable, not directly observ-
able information about the formation history of extra-solar
planetary systems and the solar system itself.
In Section 2 we summarize observational results of
closely packed planetary systems. Then we discuss the phase
space and stability of massive systems in Section 3. The re-
sults of many different formation scenarios are presented in
Section 4. This is the main part of our paper. We then ex-
tend the study to lower mass systems in 4:3 resonance and
show that there is no difficulty in forming these in Section 5.
Finally we summarize and discuss these results in Section 6.
2 OBSERVATIONAL EVIDENCE FOR 4:3
RESONANCES
As noted in Section 1, while many systems are thought to be
in (or to be close to) a variety of mean-motion resonances,
the population of systems suspected to occupy the closely
spaced 4:3 MMR is much smaller. In this section we review
the systems, both solar system satellites as well as exoplan-
ets, which are suspected of populating 4:3 resonances.
Star M∗[M] Planet m[MJup] P [days] P2/P1
HD200964 1.44
b 1.99 613.8
1.34
c 0.90 825.0
Table 1. Detail of the planetary system HD200964 which has
been detected by radial velocity variations and is in or near a 4:3
mean motion resonance. A second, very similar system has been
detected but has not been announced by the time this paper was
submitted (Giguere et al., in prep).
2.1 4:3 resonances in the Solar System
The best known pair of solar system satellites or planets
which are locked in a 4:3 MMR with each other are Titan
and Hyperion. With a mass of 5.6 · 1018 kg (Thomas et al.
2007), Hyperion is 168 times less massive than Ceres and
almost five orders of magnitude less massive than Titan,
meaning that Hyperion effectively acts as a test particle and
has a negligible effect on Titan’s orbit. Hence, this resonance
is dominated by a single term in the disturbing function
(containing the longitude of pericenter of Hyperion and the
mean longitudes of both satellites).
The satellites’ motion has been well-characterized by
observations over several decades (Taylor 1984) and the sta-
bility afforded by the resonance has been considered in great
detail (Colombo et al. 1974; Bevilacqua et al. 1980; Stell-
macher 1999). Although recently Beauge´ et al. (2006) sug-
gested that Titan and Hyperion is an example of a system
captured into resonance due to migration, Bevilacqua et al.
(1980) came to a different conclusion. The latter suggested
that Hyperion was formed at its present location and cast
doubt on a scenario where Titan and Hyperion achieved
their current configuration through smooth differential tidal
evolution across the chaotic zone. They further argued that
a possible reason why Hyperion was accreted together in the
4:3 libration zone instead of the 3:2 libration zone is because
in the former, more restricted region, the relative velocities
of surviving planetesimals were small enough for coagulation
to occur.
Other cases of 4:3 resonances in the solar system include
the asteroid Thule which is in the 4:3 resonance with Jupiter
(for more objects see page 49 in Barucci et al. 2008).
Unfortunately, none of the above considerations trans-
late easily into a 4:3 configuration with two massive planets.
In this case, multiple terms in the disturbing function must
be considered and stable libration zones are not as well char-
acterized. However, as demonstrated later, capture into this
resonance due to migration still proves to be difficult.
2.2 4:3 resonances in exo-planetary systems
2.2.1 Radial velocity systems
There are currently two multi-planetary system discovered
by the radial velocity method which are reported to be in
or near a 4:3 mean motion resonance.
HD 200964 consists of two planets with masses m1 =
1.8MJup and m2 = 0.9MJup (Johnson et al. 2011). The pe-
riod ratio is close to 1.33 which suggests that the system is in
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Figure 1. Cumulative distribution function of all multi-planetary
systems discovered with the radial velocity method (top) and all
Kepler candidates (KOIs, bottom). The color indicates the total
mass of the planet pair, m1 +m2.
a 4:3 mean motion resonance. The results of a Monte Carlo
fitting routine that includes a penalty for unstable systems
strongly favor systems in resonance (Johnson et al. 2011,
see also Section 3). Another planetary system is suspected
to also be in or near a 4:3 MMR (Giguere et al., in prep, pri-
vate communication). Both systems consist of two massive
(and most likely gaseous) planets on wide (a few AU) orbits.
Both systems are subject to a short dynamical instability if
the planets are not protected by a mean motion resonance.
Their parameters are listed in Table 1.
In the top panel of Figure 1 we plot the cumulative
distribution function of all the multi-planetary systems that
have been discovered with the radial velocity method. In
systems with more than two planets, each pair is treated
independently. To compile this data set, we made use of
the Open Exoplanet Catalogue2. One can clearly see the
tendency for planets to pile up near integer ratios of the
period ratio such as 2:1 and 3:1. This is usually attributed
to resonant capture during the migration phase (Lee & Peale
2002). The number of planets near the 4:3 resonance is far
too small to make a statistical argument at this time. We
also color code the total mass of the two planets. Note that
mostly high mass planets get captured in the 2:1 and 3:2
2 https://github.com/hannorein/open_exoplanet_catalogue
KOI R1[R⊕] R2[R⊕] P1 [days] P2 [days] P2/P1
115 3.4 2.2 5.41 7.13 1.32
543 1.5 1.9 3.14 4.3 1.37
749 1.4 2.0 3.94 5.35 1.36
787 2.9 2.2 4.43 5.69 1.28
Table 2. Kepler candidate systems which may occupy a 4:3 mean
motion resonance.
resonances, whereas lower mass planets get preferentially
captured into more closely spaced resonances.
In this paper, we investigate the conditions under which
systems on the far left side of this plot form.
The reported best fit solutions of HD 200964 system
puts it in a 4:3 resonance. However, there are other orbital
solutions which are stable and cannot be ruled out with
high confidence. For example, HD 200964 could also be in
a 3:2 resonance (Johnson et al. 2011). With the currently
published RV data-points, this results in a higher χ2 value,
therefore not being the best, but still a possible fit. This pa-
per is concerned about the formation scenarios of the report
systems. Fitting radial velocity data is a notoriously diffi-
cult job. We do not attempt to redo the analysis of Johnson
et al. (2011).
As we will show below, it is very difficult to get the sys-
tem into the 4:3 resonance without fine-tuded initial condi-
tions. One could therefore take our results and use it as a
strong prior while fitting the RV light-curve, rejecting sys-
tems in 4:3 resonance. We do not want to go that far and
think this is actually dangerous. If there is a new formation
mechanism that we did not take into account, one can easily
draw a wrong conclusion.
2.2.2 Kepler systems
In Table 2 we list the four Kepler candidate systems which
may occupy a 4:3 MMR (Batalha et al. 2012). The first
column lists the Kepler Object of Interest Number of the
candidate system. The second and third columns list the
planet radius in units of Earth-radii. The fourth and fifth
columns list the orbital periods in days. The last column
lists the ratio of the periods. We follow the procedure out-
lined in (Veras & Ford 2011) and exclude any systems which
are unlikely to be in resonance despite having period ratios
close to 1.33. Note that all of the Kepler systems listed in
Table 2 are smaller and closer-in than the RV systems listed
in Table 1: the largest of the KOIs has a radius less than that
of Uranus, and all have orbital periods less than 8 days. It is
thus not unreasonable to assume that their formation mech-
anism differs significantly from that of the massive planets
at larger semi-major axes.
We plot the cumulative distribution of all Kepler planet
candidates (KOIs, Batalha et al. 2012) in the bottom panel
of Figure 1. As in Section 2.2.1, for systems with more than
two planets, every pair in that system is treated indepen-
dently. Although there are clear features in this distribu-
tion near the 3:2 and 2:1 resonances, no statistically signifi-
cant accumulation of planets can be seen near the 4:3 reso-
nance. Furthermore, in contrast to the RV systems, there is
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no strong correlation between mass and the proximity to a
resonance.
It is worth pointing out the Kepler systems Kepler 36
and KOI 262. These systems are near the 6:7 MMR and
5:6 MMR, respectively (Carter et al. 2012; Fabrycky et al.
2012), i.e. even closer spaced than the 4:3 MMR that we
study here. The masses of those planets are all below nine
Earth masses.
3 PHASE SPACE AND STABILITY ANALYSIS
3.1 Expansion of the disturbing function
Resonant theory has been applied to dynamical problems in
the solar system with great success (e.g. Murray & Dermott
2000; Morbidelli 2002). However, properties of extra-solar
systems typically do not adhere to the approximations which
can be adopted for the solar system (Beauge´ & Michtchenko
2003; Veras & Armitage 2007). In particular, predicting
the evolution of two massive bodies on non-circular orbits
poses a rich dynamical challenge. Although much analyti-
cal progress has been made characterizing regimes of mo-
tion when these bodies are in the strong 2:1 MMR (Beauge´
et al. 2003; Michtchenko et al. 2008a,b), few investigators
have modeled in detail other first-order resonances, partly
because of their close proximity to the chaotic resonant over-
lap region (Wisdom 1980; Mustill & Wyatt 2012).
Further, detailed analyses of particular systems bene-
fit from well-constrained observational data, showcasing an-
other benefit of analyzing solar system bodies; the major-
ity of confirmed extra-solar planet have unknown masses,
bounded only from below. Orbital parameters for transiting
systems are even less constrained, making detailed dynam-
ical modeling almost impossible. One approach to tackling
these issues is to consider when a planetary system cannot
be in resonance, by confirming that any potential librating
angle must circulate (Veras & Ford 2011). This procedure
can be carried out analytically by using a disturbing func-
tion with a sufficient number of terms to accurately sample
the desired system.
Here, we carry out the same procedure as in Veras &
Ford (2011) by using both the disturbing function3 from
Ellis & Murray (2000) to fourth-order in eccentricities and
the analytical formulas from Veras (2007). We assume copla-
narity and use all resonant terms up to fourth-order (includ-
ing the relevant 8:6, 12:9 and 16:12 terms) and secular terms
up to fourth order. Additionally and separately we perform
the same analysis for the 3:2 MMR, given its close proximity
to the 4:3 MMR.
The results are plotted in Figure 2. There are four dif-
ferent areas in these plots.
(i) In the dark-orange region to the bottom-right labeled
’NO 3:2’, no 3:2 solutions are permitted (while 4:3 solutions
may or may not exist).
(ii) In the dark-red region to the far left, neither 3:2 nor
4:3 solutions are permitted.
3 This is the same disturbing function which later appeared in
Murray & Dermott (2000).
(iii) In the light-pink region labeled ’NO 4:3’, no 4:3 so-
lutions are permitted (while 3:2 solutions may or may not
exist).
(iv) In the central light-orange region no definitive state-
ment can be made to exclude either the 3:2 or 4:3 MMRs
(but this does not equate to a statement that both can def-
initely exist).
Figure 2(a) illustrates the excluded 4:3 and 3:2 MMR
regions for the HD 200964 system, assuming m? = 1.44M,
m1 = 1.8MJup, m2 = 0.9MJup and fixed outer planet values
of a2 = 3.0 AU and e2 = 0.01. This plot helps constrain the
prospects for the system evolving in MMR given particu-
lar orbital parameters. Alternatively, if a MMR is assumed,
then the plot helps constrain the planets’ allowable orbital
parameters. Figure 2(b) over-plots a simple estimate of li-
bration width from Eq. 4.46 of (Veras & Armitage 2004)
which assumes that just one disturbing function term is re-
tained; this approach, often used in the solar system, poorly
reproduces the allowed resonant motions for this extra-solar
system. Figure 2(c) demonstrates what the excluded regions
look like in the limit of an inner planet mass of zero. In
this case, both resonances become somewhat decoupled, and
there is clear structure around each nominal commensura-
bility (see also Section 3.2). This plot may be compared to
Figure 8.7 of Murray & Dermott (2000); differences arise be-
cause of the masses adopted here and the additional terms
of the disturbing function used.
This set of plots illustrates the difficulty in restricting
resonance phase space analytically for two massive exoplan-
ets. But because the system is only stable when it is pro-
tected by a resonance (see also next section) we can use such
an analysis in the interpretation of orbital parameters which
are weakly constrained from radial velocity data.
3.2 Direct N-body simulations
In the previous section we presented results of a resonant
theory which was achieved by an expansion of the disturb-
ing function. This allowed us to get an overview of the phase
space structure of the HD 200964 system. We also run di-
rect N -body simulations of systems with two planets to in-
vestigate their stability. The freely available code REBOUND
(Rein & Liu 2012) is used for all integrations in this section.
We choose the Wisdom-Holman type integrator (Wisdom &
Holman 1991) included in REBOUND. To verify the results, we
implemented a 15th order adaptive Radau integrator (Ev-
erhart 1985). We find that the results do not depend on the
integrator or any numerical parameters such as the timestep.
For each run, we add two shadow particles to the sim-
ulation in addition to the two planets. This allows us to
measure the long term stability of the system on short time-
scales by calculating the maximum Lyapunov exponent. To
do that, the position and velocity of each shadow particle
is initially set to those of the planets. They are then per-
turbed by a small amount. At regular intervals the rate of
divergence between the shadow particle and the planet is
measured and rescaled to the initial displacement. By keep-
ing track of the rescalings, we can estimate the maximum
Lyapunov characteristic exponent. See Wisdom (1983) for
c© 0000 RAS, MNRAS 000, 000–000
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(a) Planet masses m1 = 1.8MJup, m2 =
0.9MJup. The outer planet’s orbit is a2 =
3.0 AU with e2 = 0.01.
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(b) Same parameters as in Figure 2(a).
The additional curves in the central panel
are libration width estimates based on a
single term in the disturbing function.
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(c) Inner planet is a test particle. All other
parameters are the same as in Figure 2(a).
Figure 2. Excluded resonant regions for the HD 200964 system. Plotted is the parameter space surrounding the 4:3 and 3:2 commen-
surability regions. Regions labeled ’NO’ indicate that a resonance cannot occur for the given commensurability.
more details on the numerical algorithm. If the numerically
calculated Lyapunov timescale is smaller or comparable to
the run time, we call the system system stable and unstable
otherwise. The color scale in all stability plots was chosen to
reflect this definition. White regions are unstable, dark re-
gions are stable and have a Lyapunov timescale that satisfies
the above criteria.
The Lyapunov exponent gives us a good overview of the
parameter space. In Figure 3 we plot the results of 4 ·105 N -
body simulations, each running for approximately 2 ·104 dy-
namical times. The mass of the central object is that of the
star HD 200964. We show the results for three different plan-
etary masses. For Figure 3(a), we use the observed masses
of the HD 200964 system (see Table 1). We repeat the same
calculation with planets that each have 3 Jupiter masses in
Figure 3(b) and for Earth mass planets in Figure 10. The
initial semi-major axis and eccentricity of the inner orbit are
a1 = 2, e1 = 0.01. These values are the same for all simu-
lations. The initial semi-major axis and eccentricity of the
outer planet are varied and shown on the axis of the plot. All
angles are chosen from a uniform distribution. The system
is assumed to be coplanar4.
In Figure 3(a), one can see bands and islands of stabil-
ity for systems in mean motion resonances. Examples are lo-
cated at a2 = 2.62 (3:2), a2 = 3.17 (2:1) and a2 = 3.68 (5:2).
The location of the 4:3 mean motion resonance is also visi-
ble at a2 = 2.42. This is a small stable island compared the
other resonances mentioned. Also note that the eccentricity
for these stable solutions is very high e2 ∼ 0.64. However,
this is also a function of the inner planet’s eccentricity which
has been kept fixed. We present a slice of the parameter
space in the e1, e2 plane in Appendix A.
The stable island that we attribute to the 4:3 MMR
does not coincide with the best fit solution of Johnson et al.
4 We discuss the formation of an inclined system in Appendix B
but observe no qualitative difference to the coplanar case.
(2011). The eccentricities near the stable island are much
higher than in the RV fit. Nevertheless, we verified that their
solution is indeed stable. We conclude that their solution
corresponds to fine tuned initial conditions.
For systems with even higher mass planets than in the
HD 200964 system, the stable regions get even smaller. This
can be verified in Figure 3(b). Note that the reported masses
for HD 200964 are the minimum masses and could be sig-
nificantly larger if the system is inclined with respect to the
line of sight. However, this result suggests that the masses
can’t be much larger in order for the system to be stable.
Two additional plots showing a slice in the a1, a2 plane
of the the parameter space are presented in Appendix A.
4 FORMATION MECHANISMS
In this section we investigate potential methods for the for-
mation of a pair of massive planets in a 4:3 resonance. In
Section 4.1 we show that the long standing idea of conver-
gent migration fails to produce closely packed resonances for
massive planets. We then consider the in-situ formation of
planets in Section 4.2, starting from small embryos in reso-
nance which accrete mass from the protoplanetary disk. In
Section 4.3 scattering and simultaneous damping is consid-
ered as one possible alternative to the cold formation sce-
narios mentioned above. Finally, we discuss alternative for-
mation scenarios in Section 4.4.
We acknowledge that other plausible mechanisms may
exist, some of which are mentioned in the discussion section.
4.1 Convergent migration in a disk
Migration of planets through a disk depends on numerous
parameters such as the planet and disk mass, disk viscosity,
surface-density profile, disk scale height and the equation of
state, to just mention a few. This allows for the possibility
of convergent migration of planetary orbits, during which
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(a) Observed planetary masses in the HD 200964 system: m1 =
1.99MJup and m2 = 0.90MJup.
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(b) Planetary masses larger then the observed minimum masses:
m1 = m2 = 3MJup.
Figure 3. Stability structure of the phase-space in a system with
two planets. The eccentricity and semi-major axis of the outer
planet are varied. The plotted quantity is the maximum Lya-
punov exponent. White regions are unstable, dark regions are
stable. The color-scale is the same for all stability plots. Each
pixel corresponds to a single N -body simulation.
pairs of planets can pass through orbital period commen-
surabilities. If the convergent migration rate is sufficiently
low, the planets can capture into resonance (Goldreich 1965;
Rein et al. 2010). In Section 4.1.1 we will simplify the mi-
gration process by assuming that we can describe it with
only one semi-major axis and one eccentricity damping time-
scale per planet. This allows us to understand the physical
processes at work during resonance capture, study a wide
parameter regime and not get lost in the complicated de-
tails of planetary migration. In Section 4.1.2 we will then
relax some of these simplifications and study the formation
of a planetary system near a mean motion resonance using
hydro-dynamical simulations.
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Figure 4. Final period ratios after convergent migration of two
planets as a function of the migration and eccentricity damping
timescales. Observed planetary masses of the system HD 200964:
m1 = 1.8MJup, m2 = 0.9MJup.
4.1.1 N-body simulations
We use the N -body code REBOUND (Rein & Liu 2012) to
model the orbital evolution of two massive planets. We ap-
ply non-conservative forces to the outer planets which damp
its semi-major axis and eccentricity (see Lee & Peale 2002,
for details on the implementation of the non-conservative
forces). We also refer the reader to the work by Rein
et al. (2010) on an investigation of the 3:2 resonance in the
HD45364 system, which uses a similar methodology. We ex-
perimented with applying non-conservative forces to the in-
ner planet simultaneously, but did not see any qualitative
difference and will not investigate this further.
Initially, the planets start far apart from each other on
circular orbits. The assumption of circular orbits is reason-
able in the currently favored core accretion model of planet
formation. Furthermore, the eccentricity damping time-scale
is much shorter than the migration time-scale in a standard
disk unless the eccentricity is very large (Muto et al. 2011).
The planets are also assumed to be coplanar. Even though
convergent migration and resonant capture can theoretically
excite inclination (Tremaine & Yu 2000), the inclination
damping time-scale is again much shorter than the migration
time-scale as long as the planets are embedded in the disc,
i.e. i < 10◦ (Rein 2011). We also tried relaxing this condition
and ran additional fully three dimensional simulations with
finite relative initial inclination between the planets. The re-
sults are shown in Appendix B. No significant changes can
be observed. We therefore do not investigate this further.
The outer planet migrates inwards on a time-scale τa
and might get captured into a resonance with the inner
planet. In Figure 4 we plot the final period ratio seen af-
ter the migration reached a quasi steady state and both
planets migrate inwards self-similarly. The simulations are
conducted with different semi-major axis damping rates and
eccentricity damping rates which are the axes of the plot.
Each pixel represents one N-body simulation. The color
scheme has been chosen so that blue corresponds to a fi-
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nal period ratio close to 4:3, red is close to 3:2 and green
is close to 2:1. The color black indicates that either planets
are captured in another resonance or that at least one planet
got ejected. The latter is more common for short migration
timescales, τa.
We find that it is essentially impossible to form systems
in a 4:3 resonance via a simple convergent migration scenario
with the observed mass ratio5. There are two fundamental
problems. First, a very high migration rate is required to
allow the planets to pass through the 2:1 and 3:2 resonances.
Second, there is only a small stable island in parameter space
around the 4:3 resonance and the migration scenarios tend
not to put the planets into this specific location.
To understand the evolutionary track, recall the stabil-
ity plot in Figure 3(a). In the migration scenario the outer
planet is initially on a circular orbit far away from the inner
planet; that is the bottom right on the plot. Convergent mi-
gration brings the planets closer together. On the plot, this
corresponds to moving to the left along a horizontal line.
Depending on the migration speed, the planet feels the res-
onant interaction from the inner planet and starts gaining
eccentricity, thus moving upwards in the plot. If the migra-
tion rate is slow enough, the planet will get captured into a
resonance which will protect it from close encounters. How-
ever, if the migration rate is so fast that the planet slips
through all resonances, it ends up in an unstable regime
(red region in the bottom left of the plot). In fact, it has
to go through an unstable region to get to the stable island
that corresponds to the 4:3 resonance. This is why such a
smooth migration scenario cannot form tight resonances for
massive planets.
4.1.2 Hydro-dynamical simulations
We now go beyond the simple N -body model and use the
two dimensional hydrodynamic code FARGO (Masset 2000) to
perform simulations of two gravitationally interacting plan-
ets that also undergo interactions with an accretion disk.
This setup is used to further test the rapid migration hy-
pothesis investigated with N -body simulations and param-
eterized migration forces in Section 4.1.1. Again, the ap-
proach is conceptually similar to that of Rein et al. (2010).
We are in particular looking for more complicated effects
such as varying migration rates that might be overlooked by
running simplified N -body simulations.
Our simulations use a cylindrical grid with Nφ = 628
and Nr = 512. The radial extent of the computational
domain goes from 0.5 AU to 5 AU. We use non-reflecting
boundary conditions to minimize the effects from the finite
domain size. Both the disk and planet properties are varied
in the simulations and are listed in Table 3. We run a total
of over 50 different simulations6. All planets except those in
simulations labeled inresonance (see Section 4.2 for a dis-
cussion of those) start initially on circular orbits. Some of
5 Note that we use the minimum masses and ignore possibly even
higher mass ratios if the system is inclined with respect to the line
of sight.
6 Not all are presented in the table.
the simulations start with small mass planets and allow for
accretion of mass from the proto-stellar disk.
None of the simulation listed in Table 3 results in a
stable 4:3 resonance. The simulations either capture into a
2:1 or 3:2 resonance or scatter due to close encounters. The
result is therefore in perfect agreement with the N -body
simulations of Section 4.1.1.
In Figures 5 we show the evolution of the semi-major
axis of both planets as solid lines. The dashes line shows the
nominal position of the 4:3 resonance of the inner planet
and is thus the semi-major axis we are so desperately trying
to reach. As can be seen easily, we do not achieve this. In
Figures 6 we also plot the surface density profile of the disk
at the end of the simulation. Note that the final simulation
time varies significantly between the simulations. Whenever
a steady or adiabatic state was achieved, we decided to stop
the simulation. There are several physical reasons why we
cannot get the planets in a 4:3 resonance with these kind of
migration scenarios.
First, the planets are very massive and therefore the
resonances are strong. This prefers more widely separated
resonances as has already been shown by the N -body sim-
ulations above. It can be verified in the simulations labeled
vanilla, h0.07, slope0 and many others.
Second, if we force the planets to have an extremely
rapid (and most likely completely unphysical) migration
rate, the planets do indeed get closer initially. This can be
seen in the simulation sigma8 that has a very massive disk
which leads to a fast migration rate. Once in resonance, the
planets start migrating outwards again. The same happens
in the Grand Tack Scenario (Walsh et al. 2011). After a while
the outer planets starts migrating out very quickly due to
the heavy disk and a Type III migration regime. This breaks
the resonance. Shortly after the resonance is lost, the plan-
ets start moving in again, recapture in resonance and the
whole cycle repeats. We never observe the planets capturing
in a 4:3 resonance in this process.
Third, the inner planet is massive and will open a gap in
any reasonable disk model. The location of the 4:3 resonance
is a factor of 1.2 away from the inner planet in terms of its
semi-major axis. Note that the gap cannot be smaller than a
few scale heights or Hill radii (Crida et al. 2006). However,
depending on the precise planet mass and disk model the
outer planet might not open a gap on its own. In that case
it might get trapped at the gap edge. Migration stops or at
least slows down, preventing the outer planet getting closer.
Fourth, as Podlewska-Gaca et al. (2011) point out, the
interaction of the outer planet with the waves launched by
the inner planet can cause additional torques if the outer
planet does not open a gap on its own. This surfing ef-
fect tends to move the outer planet further away. This
can be seen in simulations labeled sigma4 outer0.1 h0.03,
sigma8 outer0.1, sigma4 ouer0.1 and a few others.
Of course this cannot be a complete survey of all pos-
sible scenarios even though we ran over 50 hydro-dynamical
simulations. Also, there are significant limitations and errors
associated with such a numerical scheme. The resolution has
been kept fixed and we did not check for convergence in every
simulation. However, it seems very unlikely that this would
lead to a completely different picture as not even one of our
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Name Σ0 σ f ν h0 a1 a2 m1 m2 m˙1 m˙2
vanilla 2 · 10−4 0.5 0 10−5 0.04 1.8 2.4 1.22 · 10−3 5.97 · 10−4 0 0
h0.07 2 · 10−4 0.5 0 10−5 0.07 1.8 2.4 1.22 · 10−3 5.97 · 10−4 0 0
sigma2 4 · 10−4 0.5 0 10−5 0.04 1.8 2.4 1.22 · 10−3 5.97 · 10−4 0 0
slope0 2 · 10−4 0 0 10−5 0.04 1.8 2.4 1.22 · 10−3 5.97 · 10−4 0 0
apart2 2 · 10−4 0.5 0 10−5 0.04 1.8 2.9 1.22 · 10−3 5.97 · 10−4 0 0
apart2 sigma8 16 · 10−4 0.5 0 10−5 0.04 1.8 2.9 1.22 · 10−3 5.97 · 10−4 0 0
outer0.5 2 · 10−4 0.5 0 10−5 0.04 1.8 2.4 1.22 · 10−3 3.00 · 10−4 0 0
seed accretion 2 · 10−4 0.5 0 10−5 0.04 1.8 2.3 1.22 · 10−3 1.00 · 10−5 0 1
seed close 2 · 10−4 0.5 0 10−5 0.04 1.8 2.05 1.22 · 10−3 3.00 · 10−5 0 1
alpha4 2 · 10−4 0.5 0 4 · 10−5 0.04 1.8 2.4 1.22 · 10−3 5.97 · 10−4 0 0
close 2 · 10−4 0.5 0 10−5 0.04 1.8 2.1 1.22 · 10−3 5.97 · 10−4 0 0
seed accretion both 2 · 10−4 0.5 0 10−5 0.04 1.8 2.3 1.00 · 10−5 1.00 · 10−5 1 1
seed accretion both moremassive 2 · 10−4 0.5 0 10−5 0.04 1.8 2.3 1.00 · 10−4 1.00 · 10−4 1 1
seed accretion apart 2 · 10−4 0.5 0 10−5 0.04 1.8 3.0 1.22 · 10−3 1.00 · 10−5 0 0
sigma8 16 · 10−4 0.5 0 10−5 0.04 1.8 2.4 1.22 · 10−3 5.97 · 10−4 0 0
sigma8 outer0.1 16 · 10−4 0.5 0 10−5 0.04 1.8 3.0 1.22 · 10−3 5.97 · 10−5 0 0
sigma4 outer0.1 8 · 10−4 0.5 0 10−5 0.04 1.8 3.0 1.22 · 10−3 5.97 · 10−5 0 0
sigma2 outer0.1 4 · 10−4 0.5 0 10−5 0.04 1.8 3.0 1.22 · 10−3 5.97 · 10−5 0 0
sigma4 outer0.1 alpha4 8 · 10−4 0.5 0 4 · 10−5 0.04 1.8 3.0 1.22 · 10−3 5.97 · 10−5 0 0
sigma4 outer0.1 h0.03 8 · 10−4 0.5 0 10−5 0.03 1.8 3.0 1.22 · 10−3 5.97 · 10−5 0 0
sigma2 m0.1 4 · 10−4 0.5 0 10−5 0.04 1.8 3.0 1.22 · 10−4 5.97 · 10−5 0 0
sigma4 m0.1 8 · 10−4 0.5 0 10−5 0.04 1.8 3.0 1.22 · 10−4 5.97 · 10−5 0 0
sigma4 outer0.1 flare 8 · 10−4 0.5 -0.5 10−5 0.04 1.8 3.0 1.22 · 10−3 5.97 · 10−5 0 0
sigma4 m0.1 flare 8 · 10−4 0.5 -0.5 10−5 0.04 1.8 3.0 1.22 · 10−4 5.97 · 10−5 0 0
seed inresonance 2 · 10−4 0.5 0 10−5 0.04 2.0 2.427 3.00 · 10−5 3.00 · 10−5 1 1
seed inresonance slow 2 · 10−4 0.5 0 10−5 0.04 2.0 2.427 3.00 · 10−5 3.00 · 10−5 0.1 0.1
seed inresonance outer4 2 · 10−4 0.5 0 10−5 0.04 2.0 2.427 3.00 · 10−5 1.20 · 10−4 1 1
seed inresonance slope0 2 · 10−4 0 0 10−5 0.04 2.0 2.427 3.00 · 10−5 3.00 · 10−5 1 1
seed inresonance slope0 veryslow 2 · 10−4 0 0 10−5 0.04 2.0 2.427 3.00 · 10−5 3.00 · 10−5 0.01 0.01
Table 3. Parameters used in the hydrodynamic simulations. All parameters are given at 1AU, they may be different at other locations
due to gradients in the disk. The first column gives the name of the simulation. The second column lists the surface density in units of
M/AU2. The third and fourth columns give the density gradient (Σ = Σ0 rσ) and the flaring index of the disk (h = h0 rf ). The fifth
column gives the kinematic viscosity in units of 2piAU2/yr. The sixth column gives the aspect ratio of the disk. The seventh and eighth
columns list the initial semi-major axis of the inner and outer planet respectively. The ninth and tenth columns give the initial mass of
the inner and outer planet respectively. The eleventh and twelfth columns indicate if the planets are allowed to accrete mass (using the
Kley formalism).
simulations comes even close to capturing the two planets
in the 4:3 resonance for a significant amount of time.
To conclude, the results of our hydro-dynamical simu-
lations are in agreement with the N -body simulations. They
do not allow the capture of planets in the 4:3 resonance. In
fact, due to gap opening and the surfing effect the problem of
forming the resonance seems even harder to overcome than
we would have estimated from N -body simulations.
4.2 In-situ formation
While the presence of a MMR is generally taken as being the
signature of convergent migration (see Section 4.1), perhaps
the most conceptually simple scenario to consider is that the
two planets in the 4:3 resonance formed directly from em-
bryos with 4:3 period ratios. At early times with much lower
masses, their mutual interactions would have been much
weaker and some period of relatively unperturbed growth
could have taken place. There is then the possibility that
the pair of 4:3 planets which formed in-situ could have mi-
grated together through the disk to the currently-observed
locations.
We test this idea in a similar framework to that used
in the last section. However, we do not start planets far
apart from each other, but start them directly in the
4:3 MMR. To do this, we run an N -body simulation us-
ing REBOUND with two ten Earth mass embryos. We choose
a migration time-scale which results in a capture in the
4:3 MMR (see Section 4.1.1). After the planets have reached
an equilibrium state and migrate together adiabatically,
we switch to a full hydrodynamic simulation as in Sec-
tion 4.1.2. We let the embryos interact with the disk and
accreted mass. The accretion not only changes the mass
but adds an additional component to the torque that is
felt by the planet. The interaction with the disk is turned
on adiabatically over several orbits. We vary the accretion
rate, the mass of the outer planet, and the slope of the
initial surface density profile. The full list of initial con-
ditions for these simulations is shown at the bottom of
Table 3 under seed inresonance, seed inresonance slow,
seed inresonance slope0, seed inresonance outer4 and
seed inresonance slope0 veryslow.
We plot the evolution of the semi-major axis and the
mass of both planets in these simulations in Figure 7. One
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Figure 5. Results of hydro-dynamical simulations. The solid lines show the semi-major axes of the inner and outer planet. The dashed
line shows the semi-major axis corresponding to an outer 4:3 MMR with the inner planet.
can see that the 4:3 MMR is lost a few hundred to a few
thousand years after the planets are inserted into the disk.
The path to loosing the resonance is as follows. While the
planets are accreting mass, they are also migrating. They
migrate initially in type-I, later in type-II when their mass
is sufficiently large. As the planets grow in mass, their dy-
namical interaction becomes stronger. The eccentricities of
both planet rise. Eventually the resonance is lost. None of
the planets gets ejected, but the interactions push them sev-
eral Hill radii apart. Note that slowing down the process,
as in simulation seed inresonance slope0 versyslow does
not prevent the resonance breaking. It merely delays it.
There are clearly many more parameters that one could
vary. However, it seems unlikely that we can keep the planets
locked in resonance while they grow in mass by more than
one order of magnitude. This is because the mass that the
embryos accrete has to come from the proto-planetary disk.
The planets always interact with the disk, exchange angular
momentum and start migrating.
4.3 Scattering and simultaneous damping
It has been shown in previous studies of planet-planet scat-
tering (Chatterjee et al. 2008; Raymond et al. 2008) that
the formation of mean motion resonances in the aftermath
of scattering between planets is possible, but that this is a
relatively rare event (less than 1% level). The low probabil-
ity of capture into resonance in these investigations is likely
a simple consequence of the fact that these simulations are
conducted in the absence of any disk-gas damping (or other
dissipative forces) and hence there is no means for the sys-
tem to damp into resonance.
When planet-planet scattering simulations are con-
ducted in the presence of a disk gas (e.g. Matsumura et al.
2010; Moeckel & Armitage 2012), the dissipative gas com-
ponent means that a much higher fraction of systems are
observed to form MMRs of a wide variety of orders (see
their Table 4). However, Matsumura et al. (2010) did not
explicitly observe the creation of 4:3 resonances. We there-
fore investigate the scattering scenario further to understand
whether such systems are simply rare (and thus statistically
unlikely to be seen in their simulations), or whether the for-
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Figure 6. Results of hydro-dynamical simulations. The plots show the gas surface density and the position of the two planets at the
end of the simulation. Note that the final time varies significantly between different simulations.
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Figure 7. Results of hydro-dynamical simulations of in-situ formation. Top row: The solid lines show the semi-major axes of the inner
and outer planet. The dashed (middle) line shows the semi-major axis corresponding to an outer 4:3 MMR with the inner planet. Bottom
row: The mass of the planets as a function of time. The dashed line corresponds to the outer planet.
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mation of a 4:3 resonance in this manner is essentially im-
possible.
We start from the assumption that an inner planet ex-
ists in an unperturbed, approximately circular orbit at a
semi-major axis a1 ∼ 1.6 AU. External to this, we assume
that there existed an outer (a 2 AU) population (N > 2)
of massive planets which became unstable and scattered
a Jupiter-mass planet onto an orbit with a pericenter at
q2 ∼ 1.9 AU (the radial location of the 4:3 resonance with
the inner planet at 1.6 AU). We do not perform the lengthy,
chaotic scattering simulations of this outer population, but
rather assume that a scattering event has occurred with the
outcome being that a 0.9MJup planet has been placed onto
an orbit with q2 ∼ 1.9 AU.
We consider that the outer body interacts with a rem-
nant gas disk of some form, causing its orbit to damp, reduc-
ing in eccentricity and semi-major axis. In some fraction of
systems with suitable damping terms, while the outer body
is simultaneously circularizing and migrating inwards, the
two planets may become trapped into a 4:3 MMR.
To investigate this scenario we perform N -body integra-
tions which include the effect of gas damping to investigate
whether the system described above can be captured into a
4:3 resonance. The full details of the manner in which the
simulations are specified are detailed in the following sec-
tion.
4.3.1 Simulation methodology
We initialize each simulation with conditions approximating
some precursor of the HD 200964 system. The central star
has a mass of M? ∼ 1.44M. The inner planet has a of
m1 = 1.8MJup and is located at a1 = 1.6 AU on a circular
orbit, e1 = 0. The outer planet has a mass of m2 = 0.9MJup.
The pericenter q2 is randomly chosen from a flat distribution
1.6 < q2 < 2.2 AU. Note that the pericenter lies close to the
location of the 4:3 resonance with the inner planet. The
outer planet’s eccentricity is also randomly drawn from a
flat distribution ecrit < e2 < 0.9, where ecrit = 1− q2/2.54.
Thus the outer planet is constrained to start with a semi-
major axis outside the location of the 2:1 resonance with the
inner planet (at 2.54 AU).
We parameterize the damping in the same manner as
in Section 4.1.1, i.e. following the approach of Lee & Peale
(2002) by calculating the Jacobi orbital elements. The semi-
major axis a and the eccentricity e are then directly damped
in the parameterized form e˙
e
= K a˙
a
, where the damping rate
a˙
a
and the ratio of eccentricity damping to semi-major axis
damping, K, are varied as free parameters. We implement
this damping in a modified version of the the Mercury inte-
gration package (Chambers 1999). Each simulation uses the
hybrid-symplectic integrator in Mercury, and integrates the
systems for a total time period Tfinal = 100a/a˙.
We perform 100 versions for each of the following 64
parameter combinations, thus performing a total of 6400 in-
dividual simulations. The damping rates a˙/a that we choose
are 10−6 yr−1, 10−5 yr−1, 10−4 yr−1 and 10−3 yr−1. We
investigate four values of K, 0.01, 0.1, 1 and 10. We per-
form simulations in which the damping occurs on either only
the outer planet or both planets. We also vary the location
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Figure 8. Evolution of two planets in the aftermath of a scatter-
ing event with a third planet (not modeled). The top plot shows
the semi-major axes, the pericenters and apocenters as well as
the period ratio as a function of time. The bottom plot shows the
4:3 resonance angles.
within which the gas damping operates: either over a wide
range r < 50 AU, or in a small disk r < 2.5 AU. The latter
implies that the outer planet will initially only be damped
when very close to pericenter.
4.3.2 Simulation results
We plot an example of a successful damping simulation in
which an initially highly eccentric planet is subsequently
made to damp and migrate into a 4:3 MMR with the in-
ner planet in Figure 8. In the example shown, the outer
planet initially had orbital parameters such that a2 = 3.59,
e2 = 0.53 and therefore q2 = 1.66. The damping model was
such that a˙/a = 10−5 yr−1 and K = 1, with this damping
operating on the outer body only, for all r < 50 AU. Over
the first t ∼ 6 × 105 yr of the simulation the outer planet
can be seen to continuously suffer close encounters with the
inner planet (kicking both semi-major axes and eccentrici-
ties to new values), while also experiencing rapid damping
and inward migration due to the gas interactions. Finally
at t ∼ 6 × 105 yr the damping component wins and the
planet definitively captures into a 4:3 resonance with the in-
ner planet. We plot the resonant angles θ3, θ4 and θ3−4 in
bottom of Figure 8. They are defined as
θ3 = 4(λ2 −$2)− 3(λ1 −$1) + 3($2 −$1)
θ4 = 4(λ2 −$2)− 3(λ1 −$1) + 4($2 −$1) (1)
θ3−4 = θ3 − θ4,
where λi and $i are the mean longitude and longitude of
periapse of the ith planet, respectively. We observe that the
resonant angle θ3 is librating.
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Figure 9. The fraction of scattering simulations which were sub-
sequently captured into various mean motion resonances as a
function of the damping parameters K and τa.
The results of all 6400 individual simulations performed
are shown in Figure 9. The plots show the fraction of sys-
tems in a certain resonance as a function of the damping
timescales. We marginalize over the other parameters. Ap-
proximately 1% of all systems are captured into the 4:3 reso-
nance. Shorter damping time-scales in both semi-major axis
and eccentricity tend to result in higher capture fractions
into the 4:3 resonance.
However, we note that if this model is at all realistic,
then we also predict that the fraction of systems occupying a
1:1 resonance would be higher than the fraction of systems in
a 4:3 resonance. One can see from Figure 9 that the fraction
of systems in a 1:1 resonance is more than 3 times as large
as the fraction of systems in a 4:3 resonance. An example
of a capture into a 1:1 resonance is illustrated in Appendix
C. Such resonances were examined by Laughlin & Chambers
(2002) and shown to be detectable by Kepler (Ford & Gaudi
2006). This is consistent with simulations of multiple small
mass planets embedded in a gas disk performed by Cresswell
& Nelson (2006). These authors find that 20% of their runs
produce co-orbital planets which survive until the end of
their integration.
We reiterate the point that these simulations were delib-
erately initialized into a finely-tuned configuration that we
hoped would lead to capture into a 4:3 resonance. Moreover,
the model we use for our gas damping is a simple, param-
eterized one. We thus cannot claim to have fully explored
whether such a scenario would be common (or even at all
possible). Further study should address the likelihood of the
initial scattering occurring. This is a notoriously hard task
because the initial mass function of planets (and their posi-
tion) is not well understood. Also, the realism of the damp-
ing scenario can only be checked when full hydro-dynamical
simulations are employed. However, it is currently unfeasi-
ble to run thousands of hydrodynamic simulations for such
a long time span (t ∼ 106 years).
But what we can say is that the 4:3 resonance is clearly
not a strong attractor in scattering simulations. Our results
predict a large number of 1:1 resonances which are not ob-
served. The overall likelihood to form a 4:3 resonance in our
fine tuned simulations is only 1%. In a less fine tuned setup
this rate would be much less then 1% and therefore much
less than the observed occurrence rate.
4.4 Alternative means of forming planets in a
4:3 resonance
One possible means of generating two planets in a 4:3 MMR
is through the breaking of a resonant chain initially involv-
ing at least three planets. Such a resonant chain has been
observed in planet-disk simulations of small mass planets
by Cresswell & Nelson (2009). The Kepler sample provides
an interesting testing-ground for these systems (Ford et al.
2012).
There are few investigations dedicated to measuring
four-body resonances outside of the well-studied Laplace
resonance involving Io, Europa and Ganymede. Nesvorny´
& Morbidelli (1998a,b) do so, but treat one of the bod-
ies as small. Quillen (2011) consider three equal mass bod-
ies, but on near-circular orbits with semi-major axes in a
geometrical ratio. As mentioned above, other studies con-
sider the possible formation of resonant chains due to the
presence of a disk. Raymond et al. (2010) find that a plan-
etesimal disk can easily produce 4:2:1 four-body resonances.
Like Matsumura et al. (2010), Moeckel & Armitage (2012)
model planet-planet scattering during dissipation of a gas
disk. The latter find that almost 45% of their 3-planet sim-
ulations which remain stable achieve a 9:6:4, 6:3:2, 3:2:1, or
4:2:1 four-body resonance. Although no pair of planets in
these simulations reduces to a 4:3 MMR, this prevalence of
resonant chains suggests that a 4:3 MMR may be formed in
this manner.
Another mechanism not directly considered in this pa-
per is that of a chaotic migration scenario. Here the contin-
ued inward migration of planets in a 3:2 MMR causes the
eccentricity of the planets to increase to such an extent that
the planets pass out of the portion of parameter space in
which stable libration is possible, and into a region of chaotic
scattering. In such a scenario, it is generally envisaged that
without the protection afforded by being in a mean motion
resonance, the planets will scatter one another during sub-
sequent close approaches and the stable resonant configura-
tion will be destroyed. However, as the planets move into
the region of chaotic scattering, an external perturbation
(conceptually due to interactions with a disk or scattering
from a small planetary embryo) might act to kick the planet
from the chaotic overlap region down into the 4:3 MMR re-
gion. It is clear that in order for this scenario to realistically
occur, the time-scale for a stochastic scattering event must
be shorter than the time-scale over which chaotic scatter-
ing can start to disrupt the system. Detailed investigation
would be required to understand whether such a scenario is
at all possible, and more likely than the proposed scattering
and damping scenario (see Section 4.3).
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Figure 10. Stability structure of the phase-space in a system
with two planets. The eccentricity and semi-major axis of the
outer planet are varied. The plotted quantity is the maximum
Lyapunov exponent. White regions are unstable, dark regions are
stable. This is the same plot as in Figure 3 but for small planetary
masses, m1 = m2 = M⊕.
5 SMALL MASS PLANETS
In this section, we extend the previous calculations and con-
sider systems with small mass planets. The motivation for
this are the majority of systems in the Kepler sample which
have a much smaller mass than those discovered by radial
velocity (see Section 2.2.2). We will show that such systems
can easily form via a variety of mechanisms and the prob-
lems discussed in the last section do not arise.
We first look at the stability map of small mass plane-
tary systems in Section 5.1. Then we go on and study the
traditional migration-capture scenario with N -body simula-
tions in Section 5.2. In Section 5.3 we look at the possibility
of growth of isolation mass embryos through direct colli-
sions.
5.1 Stability map with direct N-body simulations
The stability plots in Section 3.2 were dominated by large
unstable regions and a small stable island associated with
the 4:3 resonance. For two Earth mass planets, the stabil-
ity plot looks very different, as shown in Figure 10. Here,
the parameter space of stable regions is much larger. More
structure is visible due to the presence of higher order res-
onances. In principle we can now capture into each of these
resonance. In practice, the capture probability depends of
course on the migration rate. We study this in the following
section.
5.2 Convergent migration in a disk
In Figure 11 we plot the same quantity as in Figure 4 but
the mass of the outer planet has been reduced by a factor of
ten. This leads to smaller critical migration rates required
to pass through the 2:1 and 3:2 resonance. It also increases
the stability of the system and thus enables us to form some
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Figure 11. Final period ratios after convergent migration of two
planets as a function of the migration and eccentricity damping
timescales. Outer planet mass reduced compared to the system
HD 200964: m1 = 1.8MJup, m2 = 0.09MJup.
stable systems which stay in the 4:3 resonance. It is again
helpful to recall the stability plots in Figures 3(a) and 10
to understand the differences in the evolutionary track. The
outer planet starts on the far right bottom of Figure 10. It
migrates inwards (moving to the left) and encounters vari-
ous commensurabilities. Depending on the migration rate it
captures into any of these resonances and gains eccentricity
in the process (moves up). In contrast to the high mass ex-
ample in Figure 3(a), the resonances are stable (dark color)
and the planet does not have to cross an unstable part of the
parameter space to get there. Note that the migration rates
required are still very high, τa ∼ 200 − 800 yr. This corre-
sponds to a type-III migration regime and is most likely not
a realistic outcome of planet-disk interaction for these (re-
duced!) mass ratios. This is the opposite to the reasoning of
Rein et al. (2010), where the mass ratios are such that type-
III migration is considered to be the most likely formation
scenario.
5.3 Growth of isolation-mass embryos
The end stage of the runaway (Wetherill & Stewart 1989;
Kokubo & Ida 1996) and oligarchic growth (Ida & Makino
1993; Kokubo & Ida 2002) phases of planetary embryo
growth is envisaged to be a series of isolation-mass embryos.
These are a series of embryos each having accreted all solid
material within an annulus of width ciso rH of their loca-
tion. Here, ciso is a dimensionless constant of order 10 and
rH is the Hill radius of the embryo. For a power-law surface
density profile ∝ Σ0a−α, where α denotes the slope of the
power law, the mass of the isolation mass embryos can be
written as (e.g. Ida & Lin 2004)
miso = 5 · 10−3c3/2iso
(
Σ0
10 gcm−2
)3/2
·
( a
1AU
)2−α(M?
M
)−1/2
M⊕. (2)
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We will use this as a starting point of our integrations.
5.3.1 Methods to simulate the growth of isolation-mass
embryos
We follow a method conceptually similar to that employed
in Zhou et al. (2007) and Hansen & Murray (2011). We con-
sider that a series of isolation-mass embryos has formed as
described above. We then simulate their subsequent evolu-
tion as they excite, scatter and collide over ∼ 109 yr.
The initial conditions used in Equation 2 are set to be
Σ0 = 10 g cm
−2, ciso = 7 and α = 3/2. We distribute the em-
bryos over annuli with widths either 0.55 AU < a < 1.75 AU
(Set A) or 0.1 AU < a < 2.2 AU (Set B).
The embryos are damped for the first 106 yr of their
evolution assuming an interaction with a gas disk of surface
density of Σ0 = 2400 g cm
−2 using the same eccentricity
damping model as that employed in Mandell et al. (2007).
The gas disk is then allowed to dissipate on a time-scale,
τd, with this simply being modeled as a reduction in the
damping force by a factor e−t/τd . We use τd = 105 yr, 106 yr
and 107 yr for different subsets.
Typically, this results in the number of embryos N re-
maining approximately constant for the first 106 yr as the
strong damping prevents many crossing-orbits developing.
In the case of Set A, N is approximately 40, in the case of
Set B, N ∼ 130. As the damping begins to decrease (the
gas disk dissipates), the embryos begin to excite and collide
with one another, reducing the number of bodies present in
the simulation. The final number of planets varies across the
simulations but is typically between 5 and 7.
5.3.2 Results from N-body simulations of the growth of
isolation-mass embryos
The results of a simulation run from Set A with τ = 106yr
are given in Figure 12. Figure 12(a) shows the evolution
of the periods as a function of time. At ∼ 109 yr the 4th
and 5th planets from the star (highlighted in the example)
have period ratios ∼ 1.33, i.e. close to the 4:3 MMR period
ratio. In Figure 12(b) we show the resonant angles θ3, θ4 and
the secular resonance angle θ3−4 defined in Equation 1 for
the 4th and 5th bodies from the star. The resonant angles
are observed to circulate over the full 360◦ range, while the
secular angle librates for extended periods (although over
very long time periods it too can be seen to circulate). To
understand in detail the strengths of these resonances and
the fraction of time that the planets spend in (or adjacent
to) these MMRs as a function of (e.g.) the overlap of 3-
body resonances requires much more detailed analysis in the
manner of Quillen (2011).
It is also of interest to note that in the simulations we
performed, more closely spaced planetary configuration also
arose. In Figure 13 we illustrate the results of a simula-
tion run from Set A with τ = 107yr. In this system ten
low mass bodies survive at t ∼ 5 × 108 yr. These have
period ratios 1.34, 1.24, 1.23, 1.32, 1.37, 1.17, 1.33, 1.32 and
1.19. Hence multiple pairs are close to the 4:3 (1.33), 5:4
(1.25) and 7:6 (1.17) MMR period ratios. We have checked
(but do not plot) the various possible two-body resonant
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(b) The resonant angles θ3, θ4 and θ3−4 for the 4th and 5th
bodies from the star are shown as a function of time. Only the
secular resonance angle θ3−4 does librate for long periods.
Figure 12. Evolution of one damped embryo simulation. The
damping time-scale is τ = 107 yr.
angles for the respective pairs of planets close to the listed
MMRs. We find that none of the bodies occupy exact 2-
body resonances despite their period ratios being sugges-
tively close.
We thus find that the formation of rather closely spaced
systems (i.e. with period ratios 1.15 → 1.4) is easily ac-
complished through the collisional evolution of isolation-
mass embryos in an extended catastrophic collision phase
of planet formation. But we emphasize that period com-
mensurabilities do not equate to two-body resonances.
The total embryo mass considered in these simulations
was low. For Set A we have∼ 3.0M⊕ and for Set B∼ 6.0M⊕.
This corresponds to solid surface densities consistent with a
minimum mass nebular model. The absolute masses of the
planets formed at t ∼ 109 yr are subsequently low (0.5M⊕
and 0.55M⊕ for the example in Figure 12, 0.1 − 0.54M⊕
for the bodies in Figure 13). While these masses are likely
smaller than those listed in Table 2, they are still within
the range of detectable masses for Kepler (e.g. KOI-961, see
Muirhead et al. 2012). All of the systems that we were able
to form have multiple planets. We also note that Hansen
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Figure 13. Evolution of one damped embryo simulation. The
damping time-scale is τ = 106 yr. The orbital periods as a func-
tion of time is shown in black. As an illustration of the de-
gree of eccentricity, the gray dashed lines show the the quantity
(a (1± e))3/2 for all of the bodies. The number of embryos re-
duces from ∼ 40 to 10, and a number of very close period ratios
are present between various pairs of the planets.
& Murray (2011) found nothing conceptually different in
their simulations performed at much higher absolute surface
density normalizations. These simulations resulted in mass-
period distributions approximately resembling those of the
observed Kepler systems.
We emphasize that these simulations have run for t ∼
109 yr. For the majority of this time period the planets have
been undamped. It is therefore realistic to consider these
systems as being in an old, evolved state as might be ob-
servable by the (e.g.) Kepler mission. This mechanism may
therefore explain the KOIs listed in Table 2.
The growth of planets from isolation-mass embryos
seems to provide a natural means by which low mass planets
can be either captured into closely-spaced MMRs (i.e. 4:3),
or have period commensurabilities approximately similar to
such closely-spaced MMRs while also remaining long-term
stable. We emphasize that while such close spacing (period
ratios less than 1.4) does not happen in the majority of sys-
tems simulated, it was common enough for us to observe it
in 2 out of 60 systems simulated.
6 CONCLUSION
In this paper, we explored numerous methods of forming a
4:3 mean motion resonance in systems of both high-mass
planets. We found that it is extremely difficult to form sta-
ble massive systems in a 4:3 resonance. The discovery of
multiple such systems in radial velocity surveys leads us to
conclude that traditional formation methods are failing to
reproduce the observed fraction of systems that are in or
close to this resonances.
More precisely, we found that convergent migration due
to torques imposed by a gas disk is not a viable mechanism
for the formation of massive planets in a 4:3 resonances. In
Section 4.1 we showed that it can be ruled out to form the
system HD 200964 in this way. There are four reason for this.
First, the systems tend to lock into higher order resonances.
Second, even with reduced masses the required migration
timescale to pass through resonances such as 2:1 and 3:2
is unphysically short. Third, gap opening tends to stall mi-
gration at gap edges which prevents subsequent capture into
close-in resonances. Fourth, the surfing effect pushes planets
away from each other unless both planets are able to open a
clean gap. We conducted a large survey of hydro-dynamical
simulations. But we did not find a way to realistically form
a 4:3 resonance in any of these hydro-dynamic models.
It is important to note that these are planets detected
by the radial velocity method and thus the masses are only
minimum masses. However, we found that masses higher
then the minimum masses make it even harder to form a
stable resonance.
In-situ formation where planet embryos start out in the
4:3 resonance is also not a viable formation mechanism. In
Section 4.2 we conducted hydro-dynamical simulations of
such a scenario. There is always a phase when the planets
migrate divergently during their mass accretion phase. As
soon as the planets move apart from each other, outside
of the 4:3 resonance, they cannot recapture into the reso-
nance at a later stage because they preferentially capture in
wider resonances. Gap opening and the tidal surfing effect
are further preventing planets from staying or recapturing
in a tight resonance while being embedded in a gas disk.
A combined scattering and damping mechanism does
seem to be a plausible means of forming giant planets in
closely-spaced MMRs as we showed in Section 4.3. We found
that for a wide range of damping parameters close-in res-
onance can form. However, the initial conditions are finely
tuned to allow such a capture. We estimate that the fraction
of planetary systems that might end up in such a configu-
ration is much smaller than the currently observed fraction
of approximately 4%. This scenario also predicts the forma-
tion a large number of planets in a 1:1 co-orbital resonance
which is not consistent with current observations.
We extended the study to include small mass planets in
foresight of several Kepler planet candidates which are close
to a 4:3 period ratio. We found that there is no problem in
forming any of these smaller mass planets with a traditional
migration scenario. We therefore expect that several of these
systems will be confirmed by follow up observations.
The main result in our paper is a negative one, i.e. we
cannot explain the formation of the observed systems. One
could use our results as evidence against the existence of
massive planets in close in resonances and search for other
explanations of the observed RV signals. But this requires a
great amount of caution. Using the same argument, we could
have ruled out the first discovered Hot Jupiter. Rather, we
hope that this study will guide future investigations and
spur interest in these systems among the community.
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APPENDIX A: ADDITIONAL STABILITY
PLOTS
In this appendix we show additional stability plots of the
phase space of two massive planets. The procedure is de-
scribed in Section 3.2.
Figure A1 shows two additional stability plots of the
phase space in the a1-a2 plane. The initial eccentricities are
0.1 and 0.5 for the top and bottom plot, respectively. All
other angles are drawn from a uniform distribution. The
system is assumed to be coplanar. One can see that there
is clear evidence of resonances as the stability only depends
on the period ratio (not the individual periods) and the ec-
centricities of the planets.
Figure A2 shows an additional stability plot of the phase
space in the e1-e2 plane. The planets’ semi-major axes are
initially at a1 = 2 and a2 = 2.42, i.e. close to a 4:3 period
ratio. We find stable islands for a wide variety of eccentrici-
ties as long as e1 < 0.55. One can see a clear anti-correlation
of the eccentricity of the inner and outer planet.
APPENDIX B: FORCED MIGRATION FOR
INCLINED PLANETS
We show the final period ratio of two convergently migrat-
ing planets in Figure B1. The simulations are identical to
those presented in Figure 4 but are fully three dimensional
and include a finite initial inclination of i = 5◦ between the
planets.
There is no inclination damping present in this simu-
lation. However, in contrast to Tremaine & Yu (2000), we
include explicit eccentricity damping which prohibits sub-
stantial eccentricity and inclination growth.
One can see no qualitative or quantitative change in
the results compared to the coplanar case. This allows us to
restrict ourselves to the coplanar formation scenarios pre-
sented above which reduces the number of free parameters
in the initial conditions.
APPENDIX C: ILLUSTRATION OF CAPTURE
INTO 1:1 RESONANCE
In Figure C1 we plot an example of the capture of two gi-
ant planets into a resonance 1:1 resonance. The simulation
methodology is exactly as described in Section 5.3.1. The
initial conditions for the inner planet are m1 = 1.8MJup,
a1 = 1.6AU and e1 = 0, and for the outer planet m2 =
0.9MJup, a2 = 3.6AU and e2 = 0.46 (q2 = 1.92).
The damping parameters are the same as those applied
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Figure A1. Stability structure of the phase-space for two planets
in the a1, a2 plane. White regions are unstable, dark regions are
stable.
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Figure B1. Final period ratio of two convergently migrating
planets with an initial mutual inclination of i = 5◦.
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Figure C1. Capture into 1:1 resonance after a scattering event.
Top: This plot shows the semi-major axes (in AU, bottom two
curves) and the period ratio (top black curve) as a function of
time. Bottom: This plot shows the resonant angle ω2 − ω1 of the
two planets as a function of time.
for Figure 12. The migration timescale is τ = 105 yr andK =
1. The disk removal timescale is τd = 10
7 yr. The damping
is operating on the outer body only, for all r > 1AU.
The outer planet migrates inwards over the first 106 yr
of the simulation, while simultaneously suffering occasional
strong perturbations from the inner planet. At t ∼ 6×105 yr,
the pericenter of the outer planet drifts inside the apocenter
of the inner planet and a period of strong interaction and
rapid inward migration commences, leading to capture into
the 1:1 resonance. The resonance remains stable until the
end of the simulation.
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